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Abstract

Using the finite Zak transform (FZT) periodic polyphase sequences satisfying the ideal cyclic
autocorrelation property and sequence pairs satisfying the optimum cyclic cross correlation
property are constructed. The Zak space correlation formula plays a major role in the design
of signals having special correlation properties. Sequences defined by permutation matrices in
Zak space always satisfy the ideal cyclic autocorrelation property. A necessary and sufficient
condition on pairs of permutation matrices in Zak space such that the corresponding pairs of
sequences satisfy the optimum cyclic correlation property is derived. This condition is given in
terms of a collection of permutations, called *-permutations. The development is restricted to
the case N = L?, L an odd integer. An algorithm for constructing s-permutations is provided.

1 Introduction

In this work we use the finite Zak transform (FZT) to construct periodic polyphase sequences
satisfying the ideal cyclic autocorrelation property and sequence pairs satisfying the optimum cyclic
cross correlation property. In communication theory these sequences are called Z;-sequences. Their
correlation properties have been extensively studied in [1,2,3,5,8]. A detailed treatment of Z,-
sequences and their application to spread spectrum can be found in [4]. The approach in these
works has the merit that it is direct.

The approach in this work is based on designing periodic sequences in Zak space (ZS). The ZS
correlation formula plays a major role in the design of signals having special correlation properties.

Sequences defined by permutation matrices in ZS always satisfy the ideal cyclic autocorrelation
property. The analogous result proved directly in communication theory can be found in [2,3]. We
will derive a necessary and sufficient condition on pairs of permutation matrices in ZS such that the
corresponding pairs of sequences satisfy the optimum cyclic correlation property. This condition is
given in terms of a collection of permutations, called *-permutations. The development is restricted
to the case N = L2, L an odd integer. We will show examples and provide an algorithm for
constructing *-permutations. We believe this concept to be new. The main consequence is that
we can construct significantly larger collections of sequence pairs satisfying the optimal correlation
property than those constructed in [5].

The following notation and elementary results will be used throughout this work. A vector
x € CV is written

Zo
T
X = . = [x"]0§n<N .

TN-1



We will also denote vectors in C by capitals such as X and Y. The inner product of two vectors
x and y in CV is

N—-1
xy) = Tays,
n=0

where * denotes complex conjugation. e, 0 < n < N, is the vector in CV having 1 in the n-th
component and 0 in all other components. The set

{eV:0<n< N}
is an orthonormal basis of C¥. The notation
xy, and XY

denotes the vector in CV formed by the componentwise multiplication.
The trace of an N X N matrix x is

N-1
T.x = E Xn,n-
n=0

F is the N-point Fourier transform matrix

F = [wmn]0<m’ n<N > w = 62771'%.
The N x N time reversal matrix Ry is defined by
RNx = [N_n]y<pens N —n taken modulo N.

F and Ry are related by
FRy = RNF =F*

and
F?2 = NRy.

We also have
R?\, = I, the identity matrix,

and
FF* = Nly.

As a result
Fl=N"1p~*

Sy is the N x N cyclic shift matrix defined by
Snx = [rN_14n], x€CV.
Dy is the diagonal matrix defined by

Dy = Diag ([w”]0<n<N) . w =N,

An important result is
FSyF~' = Dy.



Linear combinations of vectors and matrices will be used. For example

N-1
Z z,D% = Diag (Fx), xe&CV.

n=0

1%V is the vector in C¥ all of whose components are 1. E(L, K) is the L x K matrix of all ones.
Perm(N) is the group of permutations of the set

{0,1,..., N—1}.

An element m € Perm(N) is defined by

If X isan N x N matrix
X =[Xo - Xn-1],

where X,,, 0 <n < N is the n-th column vector of X, and for 7 € Perm(N) we define

Xr= [XW(O) e 'XTr(N—l)] .

2 Cyclic Correlation

We identify CV with the space of periodic complex sequences of period N.
For x, y € CV the cyclic correlation v =xoy € C¥ is defined by

N-1
— *
Uy, = TnYmp—m-
n=0

x o x is called the cyclic autocorrelation of x, while if x and y are distinct, x oy is called the cyclic
cross correlation of x and y.
A vector x € CV satisfies the ideal cyclic autocorrelation property if

1

xox = [Ix[[eq =[IxII* | . |,

where ||x]| is the norm of x.
Set v =xoy. If x and y satisfy the ideal cyclic autocorrelation property, then we must have [6]

IESININA

[vn| < 0<n<N.

A pair of vectors x, y € CV satisfying the ideal cyclic autocorrelation property satisfies the optimum
cross correlation property if

o Pl

N

In this case we say that the pair (x,y) satisfies the ideal cyclic correlation property.



3 Zak space correlation formula

The finite Zak transform (FZT) of a vector determines a two-dimensional time-frequency represen-
tation of the vector called the Zak space representation. In this section we define the FZT and derive
the ZS correlation formula.

N =LK = L?>M, L and M positive integers. Identify C¥ x C¥ with the space of L x K complex
matrices. For y € CV define the vectors y, € C*, 0 < k < K, by

Y = [yk+lK]0§l<L7 O§k<K
We called the vectors yg, 0 < k < K, the decimated components of y. Define
My =[yo -+ yx-1].

M, is a linear isomorphism from the one-dimensional space C¥ onto the two-dimensional space
CL x CK. No computations are involved. It is simply a data rearrangement.
For the remainder of this work, F' is the L-point Fourier transform matrix. Define

Zyy =FMpy, yecCV.
Z1y is called the L x K ZS representation of y. The mapping
7, 0N — ¢t xcK

is called the L x K finite Zak transform (FZT). The FZT is, up to scalar factor L, a linear isometry
from CV onto CL x CX.

Theorem 1 Ifx,y € CN and v =xoYy, then
K-1
Vo=> XY
m=0

and
k—1 K-1
Vi=D' > XV oyt D XmVpy  1<k<K,
m=0 m=k
where V, is the k-th column of Zpv.

Example 1 N=9and L = K =3.

Vo = X()YO* -+ lel* —+ XQYQ*,
Vi = D3'XoYy + XiYy + XYY,
Voo = Dyl (XYY +X1Yy) + XoYy.



4 Permutation Waveforms

In this section we use the ZS correlation formula to derive correlation properties of signals whose
7S representations are permutation matrices. Set N = L2, E = I and

F=[F - Fr_1].

Define e, € CV by
Zrer=E;, m& Perm(L).

Then
Mpe, =F 'E, = L7'F".

In the following discussion set 1 = 1% and 0 = 0%.
Consider m € Perm(L) and set v = e, o e;. By the ZS correlation formula

L-1 L-1
Vo = Z Eﬂ(m)Eﬂ'(m) = Z Eﬂ(m) =1
m=0 m=0

and
k—1 L—1
Ve=D' Z Erm)Er(m—k) + Z Erm)Erim-1), 1<k<L,
m=0 m=k

where m — k is taken modulo L. Since
Eron)Erim-1y =0, 1<k<L,
we have Vi, =0, 1 < k < L, proving the following result.
Theorem 2 If 7 € Perm(L), then
Z, (exroe;)=[10---0]

and e, satisfies the ideal cyclic autocorrelation property.

5 x-Permutations

In this section we determine a necessary and sufficient algebraic condition on a permutation pair
(m,0) such that (e,,e,) satisfies the ideal cyclic correlation property. This condition is given in
terms of a collection of permutations, the x-permutations. For an odd integer L the collection of
x-permutations is nonempty. Details are given in the next section. For even L it is likely, but not
proved, that the collection of *-permutations is the empty set.

Suppose v € Perm(L), and define the subsets

Ap(y)={0<m<L:m=v(m-k)}, 0<k<IL,
where m — k is taken modulo L. Setting
Ey = [Byo) -+ By,

we have

Tr(E,S;*) =0(Ak(v)), 0<k<L.



Theorem 3 For v € Perm(L),

Proof By linearity of Tr

L-1 L-1
> Tr(B,S*) =1Tr (E7 > SL’“> =Tr(E,I(L,L)),
k=0 k=0

where I(L, L) is the L x L matrix of all ones. The theorem follows from

Tr(E,I(L,L)) = Tr(I(L,L)) = L.

The following corollary will be useful in describing the sets Ag(y), 0 < k < L, when v is a
x-permutation.

Corollary 1 For~ € Perm(L), o (Ak(7)) >0,0<k < L, if and only if o (Ak(y)) =1,0< k < L.

For any v1, 72 € Perm(L), define v; 4+ 2 by
(11 +72)(r) =n(r) +y2(r) mod L, 0<r<L.

Y1 + 72 is a mapping from Z/L into itself, but is not necessarily a permutation.

Denote the identity permutation in Perm(L) by m. v is called a *-permutation if mg — 7 is a
permutation. Since
= (TFO _7_1) )
v is a *-permutation if and only if v~ is a *-permutation.

For odd L, there always exist x-permutations. The mapping

(Mo — )

yn)=2nmod L, 0<n<L,

is a *x-permutation.

For the rest of this section + is a *-permutation. Since y~!

is a *k-permutation
—1\—1
Tm = (770 -7 )
is a permutation, where my, = (mo m1 ---mp_1). Tm satisfies
_ -1
T — 70 = 7 Tm
and 7y, is a x-permutation. This means
my —k =~ (mg)mod L

and
m=vy(mr—k), 0<k<L,

which by Theorem 3 implies the following result.



Theorem 4 If v is a *-permutation, then

Ak('y):{mk}, 0<k<L.

The converse of Theorem 4 is also true. Suppose o € Perm(L) and
Ak(J):{Tk}, 0<r<L.
7} 18 the unique solution of
r=o(r—k)modL, O0<k<L.
This implies that
Tk#r_ﬁ 0§]5k<L7 k#]?
and we can form the permutation
= (ror - -TL_1)-
my satisfies m. = o (7 — mo) implying

-1
r

T :7r0—071.

1

Since 7! is a permutation, c~! and o are *-permutations, proving the converse.

Theorem 5 Suppose 7, ¢ € Perm(L) and v = 7~ 'o. The sequence pair (e,,e,) satisfies the ideal

correlation property if and only if v is a x-permutation.
Set Ar, equal to the set of #-permutations in Perm(L). For o € Ap the set of pairs of permutations
Ar(o) ={(n,m0) : m € Perm(L)}
determines a set of pairs of sequences
{(ex,ero) : ™ € Perm(L)}

satisfying the ideal cyclic correlation property.
Suppose N = LK = L?R, L an odd positive integer, R a positive integer. Define x € CV by

Zix=|Ex ... B, D,

where E, is the L X L permutation matrix corresponding to m € Perm(L) and D is a K x K diagonal
matrix whose diagonal entries have absolute value one.

Theorem 6 Suppose © € Perm(L) and x € CV satisfies
Zix = |Er ... B D,

where D is a K x K diagonal matriz whose diagonal entries have absolute value one. Then x satisfies
the ideal cyclic autocorrelation property if and only if, for 0 < s < L and 1 <r < R,

r—1 R-1
) Z dtL+Sd>(kK+t—7")LS + Z dtL+sd>(kt_r)L+s =0,
t=0 t=r

i1
where v = 2™ T,



Example 2 7 = 1y, R = 2. The condition in Theorem 6 is
v ded]  +dpysd; =0, v= e LT
Choose dy, ..., dr—1 arbitrarily having absolute value one. The diagonal entries dr 44,0 < s < L,
must satisfy
v 0dsd] A+ didpy s =0, 0<s<L.
One class of solutions is given by setting

dpis =e 2™2rid,, 0<s<L.

6 Golay pairs

1

Suppose 7, o € Perm(L) such that v = 710 is a *permutation. Define x € CV, N = L2, by

Zix=Er + Es

and set v = x o x. The problem is to determine the collection of all permutation pairs (71, 01), 71,
o1 € Perm(L) such that v = Wflal is a *-permutation and

where x! € CV is defined by
Zyx! = E;, + E,,.

Given such a permutation pair (71, 01), the pair (x,y), where
Zry = Er, — Eo,,
is a Golay pair.
Write .
Tm = ('/TO - 7_1) ) Tn = (7-(-0 - 7)71

and
—1\~ —1
Tm! — (71'0 — 71 1) , Tpt = (7‘(0 — ’71) .
As in Section 5, the sum and difference of permutations is taken modulo L. We will have v = v! if
the following two conditions are satisfied.

A. 7 (mg) =m (my,) and 7 (np — k) =m (n} — k), 0 < k < L.
B. Ogmk<k;ifandonlyif0§m,1€<k;andOSnk<kifandonlyif0§n,1€<k;,0§k;<L.

We can have v = v! under other conditions, but we will only discuss this case.
Given a permutation pair (7, o) such that v = 710 is a *-permutation, we say that a permutation
pair (1, 01), such that v, = m; 1oy is a *-permutation satisfies condition A with respect to (m, o) if

TTm = T Tyt and 7 (7w, — 7g) = 71 (T — 7) -

This statement is equivalent to condition A above.

Algorithm A (m,0) is a permutation pair such that 7~ 1o is a *-permutation. The algorithm
computes a permutation pair (m1,01) such that 7 ‘o is a *permutation and (m1,01) satisfies
condition A with respect to (m,0)



1 1

e Compute §; =7~ ! — o1, Since 7~ 1o is a *-permutation, §; is a permutation.
e Compute 0 € Perm(L) such that 656, " is a *permutation.

e Compute ;' = —d.

e Compute 7r1_1 = 01 — do. Since 6261_1 is a #-permutation, 7r1_1 is a permutation.

Example 3 L = 5, u = 2 and v = 1. The permutation pair (vs,74) satisfies condition A with
respect to (v1,72). Since
Tm = Y2 and Tyt = Vg,

we have the following table.

wr—\plkwos
B

wa%oﬁ
=~

=W N = O

Example 4 L = 5, u = 2 and v = 4. The permutation pair (y4,71) satisfies condition A with
respect to (v1,72). Since
Tm = Y2 and T = 73,

we have the following table.

w»—lqkwos
e

M»J;r—kwog
7~

=W N = O

A modification of algorithm A is convenient for dealing with the construction of permutation
pairs satisfying condition B.

Algorithm A1l Consider a permutation pair (m,0) such that 77 !¢ is a *-permutation and a
¥-permutation 7g,1. The algorithm constructs a permutation pair (71,01) such that 77 'oy is a
x-permutation,

Tml = (770 - Uflm)_l

and
Tm = T1 Tl -

e Compute 7 = T, -

-1
e Compute 01 = Mt (T — ™) -

Since w1 is a x-permutation, oy is a well-defined permutation.



Theorem 7 For 0 <k < L,
0<mp<kifandonlyif L —k<np_; <L.
Choosing the x-permutation gyt in algorithm A1 such that, for 0 < k < L,
0 < my <kifandonlyif0§m,1€ <k,
the permutation pair (71, 01) constructed in algorithm A1 satisfies condition A and condition B with
respect to (m,0).
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